arXiv:hep-th/0512344v2 31 Dec 2005 


NRCPS-HE-05-63 

December, 2005 


Gauge Invariant Lagrangian 
for 

Non-Abelian Tensor Gauge Fields of Fourth Rank 

George Savvidy* and Takuya Tsukioka^ 

Institute of Nuclear Physics, 

National Center for Scientific Research, “DEMOKRITOS”, 
Agia Paraskevi, GR-15310 Athens, Greece 


Abstract 

Using generalized field strength tensors for non-Abelian tensor gauge fields one 
can explicitly construct all possible Lorentz invariant quadratic forms for rank-4 
non-Abelian tensor gauge fields and demonstrate that there exist only two linear 
combinations of them which form a gauge invariant Lagrangian. Together with the 
previous construction of independent gauge invariant forms for rank-2 and rank-3 
tensor gauge fields this construction proves the uniqueness of early proposed general 
Lagrangian up to rank-4 tensor fields. Expression for the coefficients of the general 
Lagrangian is presented in a compact form. 
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1 Introduction 


The early investigation of higher-spin representations of the Poincare algebra and of the 
corresponding field equations is due to Majorana, Dirac, Fierz and Pauli and Wigner [1-4]. 
The theory of massive particles of higher spin was developed by Fierz and Pauli [3] and 
Rarita and Schwinger [5]. The Lagrangian and S-matrix formulations of free field theory of 
massive and massless fields with higher spin have been completely constructed in [6-15]. 
The problem of introducing interaction appears to be much more complex [16-21,27,28] 
and met enormous difficulties for spin fields higher than two [22-26]. The first positive 
result in this direction was the light-front construction of the cubic interaction term for 
the massless field of hclicity ±A in [29,30]. Discussion of the tensionless strings and their 
relation with higher spin fields can be found in [31-42], Alternative formulations of higher 
spin field theories have been proposed and discussed in [43-50]. 

In the recent articles [51-53] one of the authors considered the generalization of the 
Yang-Mills theory which includes non-Abelian tensor gauge fields of higher rank. For 
non-Abelian tensor gauge fields of arbitrary higher rank-s two independent gauge invariant 
forms jC s and £' which are quadratic in field strength tensors have been found. The general 
Lagrangian £ was defined as a linear sum of these forms [52,53] 

oo oo 

= 9s+\£-s+1 + 9 S + l-^s+l- 

s=0 s =1 

In order to prove a uniqueness of the general Lagrangian it is important to know whether 
these invariants provide a complete set of independent gauge invariants quadratic in field 
strength tensors. The affirmative answer to the above question will prove that it is indeed 
a unique gauge invariant Lagrangian. 

In this article, using generalized field strength tensors for non-Abelian tensor gauge 
fields defined in [51-53], we explicitly constructed all possible Lorentz invariant quadratic 
forms for the rank-4 non-Abelian tensor gauge fields and demonstrated that there are only 
two linear combinations of them £ 4 and £4 which form a gauge invariant Lagrangian. 
Together with the previous construction of independent gauge invariant forms for rank-2 
(£2 and C' 2 ) and rank-3 (£3 and £3) tensor gauge fields [52,53], the above consideration 
extends the proof of the uniqueness of the total Lagrangian up to the rank-4 gauge fields. 

It seems difficult to extend this explicit construction of all possible Lorentz invariant 
structures to higher rank tensor fields because their number grows very fast. Nevertheless 
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the analysis of low rank tensor gauge fields makes it plausible that the general Lagrangian 
presented in [52, 53] is indeed a unique one and contains only two independent gauge 
invariant forms C s and £'. 

This paper is organized as follows: in the next section necessary notations and defi¬ 
nitions of extended gauge transformation of tensor gauge fields and of the corresponding 
field strength tensors from the articles [51-53] will be introduced. The previous construc¬ 
tion of independent gauge invariant forms for the rank-2 and rank-3 tensor fields will be 
reproduced in Section 3. In the subsequent, main part of the article, we shall construct 
all Lorentz invariant quadratic forms for the rank-4 tensor fields and shall prove that only 
two forms £4 and £4 provide all possible invariants 


£4 = Tr G 


T pu,per A ^ fiv.prrX 


ri 

2 ^ fu/,ppa'- Jr pu,a\\ 


3G pu,paG pi/,pa\\ 

1 


T ^ Gnv,ppGnv,crcrW T ^Gpv,pGpu,paa\\ T ^ G p V G p V pp aa \\^ 


and 


£4 = Tr ( G 


pu,pa\Gpp,ua\ + 2 Gpy^paaGp,p y\\ T 2 ,Gpi/,pacjGp\ t vp\ T Gp V uptjGjjX pryX 


+ 2 G^^ppGpa^w T 2 G^po-Gppi/uw T 2 G pi/^p&Gp\^pa\ T G pyppG p(j Ua \\ 
+ 2 Gp V) v P Gp, P) \\ aa T 2 GpvjypGpX pXfjrr T ~Gp Ut pGpp tU \\ acr T 2 G pu,pGp\^vp\a 


T 2 G pu,uG pp^ acr \\ T ^G p V G pp^paaXX^j . 


This consideration allows to define a unique gauge invariant Lagrangian for the fourth-rank 
tensor gauge fields which is a linear sum of £4 and £4. 

In Section 5 we shall demonstrate that in the general Lagrangian [52, 53] the total 
number of Lorentz independent structures for the rank-.s tensor gauge field grows as s 2 and 
shall present a compact expression for the coefficients. 


2 Gauge Fields and Field Strengths 

The Lie algebra valued non-Abelian gauge fields are defined as rank-(.s + 1) tensors [51-53] 


A 


H Ai 


- A a 
^VAi- 


■\ s L a , 


S = 0,1,2,--- 
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where L a are generators of the compact Lie gauge group G. These fields are totally sym¬ 
metric with respect to the indices Ai---A s . A priory , the tensor gauge fields have no 
symmetric and/or antisymmetric structures with respect to the first index //. 

The extended gauge transformations of the non-Abelian tensor gauge fields are defined 
by the following equations [51] 

8A P = d ^- ig [ A p , f], 

SA, Xl = d^ Xl - ig [ A p , £aJ - igiA ^, £], 

(2.1a) 

^AzAiA 2 ApA 2 *^AiA 2 ] j £a 2 ] ^5 , [-^/xA 2 ? £\i] AiA 2 5 £] ? 


or in the general form by the formula 


dfj / £ > \ 1 ...\ s 'IQ ^ ^ ^ v ^4/xA Pl A P2 - --Ap^ 5 ^Ai--- 

z=0 Pi <P2 < • • • <Pi 


v v v I ? 

•^1 ‘"^ P2 ^Pi 


(2.1b) 


where the symbol “v ” in the X p . means that one should erase the index X Pi . The in¬ 
finitesimal non-Abelian gauge parameters £ai---a 3 (t) are totally symmetric rank-s tensors. 


By construction, there are — 


si 


l\ S - l ! 


terms in the sum y . These extended gauge 


Pl<P2<"’<Pi 

transformations generate a closed algebraic structure [51] 


[h^i, h^ 2 ] A^ 1/ \ 1 ...^ s 8^A p Aj-'-As) 


( 2 , 2 ) 


where the gauge parameters £ vl ... Vn ( x ) 011 the right hand side are given by the formulas 


£ = -ig[6 , 6]> : 

£vi = — ^[^lj w\£ivi ) £ 2 ] 1 

£v 1U2 w\£ii £21*11/2] w\£ivii ^ 2 ^ 2 ] w\£h/ 2 i £2/21] ^g\£ivii 22 -i £ 2 ]* 


(2.3a) 


or in the general form by the formula 


£vi--v„ — igYl 

i=0pi<P2<—<Pi 


Cl C 9 V V V 

S1 V P 1 V P2"' , 2p i ’ ^~12l---12 pi --12p 2 ---12 pi ---12 n 


(2.3b) 


The generalized held strengths are defined as [51] 


Gfu/ d p A u d v A p ig[A p , A u , 
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GfiVjXi ig^A^, A^Aj] ig^A^^, A^J 


G ^v, A1A2 d^Ay A1A2 ^uAf l \ 1 \ 2 

w\A(n A u \ 1 \ 2 ] ig[A /Ji \ 1 , Aj,a 2 ] ig\A^\ 2 , -A^Ai] ^[A^AiA^ A^], 


(2.4a) 


or in the general form by the formula 



s 


^9 'y ] y ] A/iA P1 a P2 ■■ Ap i ; a 



(2.4b) 


j=0 Pl<P2<-~<Pi 


These field strength tensors are antisymmetric in their first two indices (//, v) and are totally 
symmetric with respect to the rest of the indices (Ai, ■ • •, A s ). In the above definition of the 
extended gauge held strength G^ : \ 1 ...\ s (x), together with the classical Yang-Mills gauge 
boson A m (.t), there participate a set of higher rank gauge fields A^i (x), A M XiX 2 ( x ), ■ • •, 
Afj,x i---a s (^) up to the rank s + 1. One of the important features of these field strengths is 
that they transform homogeneously under the extended gauge transformations dm and 
(l2~Tbl) [51]: 

SGp, = -ig[G £], 

1 = — ig[G^ u , £aJ — ig[G fW} x 1 , £], 

(2.5a) 

5G m ,,AiA 2 ^9[Gfiu 1 ^AiA 2 ] ^[^(ii'jAi) £a 2 ] *9 , [^/ii',A 2 j £ai] ^5 , [t?/i^,AiA 2 j £]> 

or in the general form: 


s 



(2.5b) 


The gauge invariant tensor density constructed in [52,53] by expansion over the vector 
variable e /t [54] is: 




( 2 . 6 ) 
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These tensors are totally symmetric within the indices (zy, v 2 ) and (Ai, A 2 , • • ■, A 2s ), whereas 
they have no symmetries between the indices i y and A j. Contraction of indices by metric 
tensors allows to construct two gauge and also Lorentz invariant forms jC s +i and jC' s+1 
[52,53] 


£s+l — 2 s (^s+i) 
^s +1 = ATt('^ s + 1 ) 


l'll'2,Xl -X2 


(flviV2V\l\2^^l\’i\i ' " ’ V^2s-1^2s 
(j]l> lAl Vl22^2 ) 


V*l\lV»2\2 VX3X4 ’ ’ ’ VX2s-lX2s 


(2.7a) 

(2.7b) 


In order to define a unique Lagrangian it is important to know whether these invariants 
provide a complete set of independent gauge invariants which are quadratic in held strength 
tensors. The affirmative answer to the above question will prove that a unique gauge 
invariant Lagrangian is [52,53] 

OO OO 

£ = 9s+ lAs+l + ^2 ds+l^s+l ■ ( 2 -8) 

s =0 s=l 

An alternative way of constructing a gauge invariant Lagrangian is, first, to consider all 
possible Lorentz invariant quadratic forms, and then by direct calculation of their variation 
over the gauge transformation to check if some linear combination of them can be made 
gauge invariant [51,52], If successful this procedure will fix the coefficients in the linear 
sum. I 11 the next section we shall present this construction for the rank-2 and rank-3 tensor 
gauge fields from [51-53] and then shall turn to the consideration of the rank-4 held. 


3 Second and Third Rank Tensor Gauge Fields 

In order to describe rank-two quanta, one should introduce tensor gauge held (x) 
together with tensor gauge helds whose ranks would be up to three, such as A^fx) and 
Ap AiA 2 (^)- Using these helds one can construct the following Lorentz invariant quadratic 
form [51], 

•^2 — Tr (^aiG^pG^p T a 2 Gpi,Gp V pp^, (3.1) 

where cq and a 2 are numerical coefficients which should be determined by the gauge in¬ 
variance of the Lagrangian. Calculating the variation of the Lagrangian under the gauge 
transformations (|2.5al) and (I2.5bj) . one can get 

dG 2 = —igTr ^2ai[Gp U , ^]G w/) + 2a 2 [(j M ^ p , ^ P ]G' A1I/ | 

I'QA i | 2 (ai o , 2 )[^/ii/) Cp\G pv^p j’. 
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One can determine the numerical coefficients by requiring the invariance of the Lagrangian, 


02 — 01 , 


and fold out the following Lorentz and gauge invariant Lagrangian [51], 


h'2 oiTr {G^pG^p T G^G^p^j , 


(3.2) 


where the numerical coefficient aq remains arbitrary. 

The second invariant Lagrangian C 2 consists of the following three quadratic forms 
[52,53], 

£■2 — Tr ^biGp,v,pG + b 2 G p Ujl/ G p PtP + b^Gp V Gp PjV ^j . (3-3) 

Calculating the variation of the Lagrangian under the gauge transformations (I2.5a|) and 
(l2~5bl) . one can get the following result, 

SG ' 2 ——igTr i^2bi[Gp U , ^ p }Gp P ^ + 2b 2 [Gp U: ^ u }Gpp )P + b 3 ^[Gp P:U , £p] + [Gp PiP , 6,]^G>,j 
= —igTi |(26i — b 3 )[Gp U , £ P ]G PP!J , + (2 b 2 — 63 ) [Gp U , £*,]G PP!P j. 

Then one can determine the numerical coefficients as 

b 2 — b \, b 3 = 2 61 , 

and fold the following second invariant form [52,53], 

C 2 = GTr ^Gp U ,pGp PtU + Gp U ^Gp PiP + 2Gp U Gp P}U/ ^j , (3-4) 

where the coefficient b\ remains arbitrary. 

For rank-three quanta, one should introduce tensor gauge held Apx^^x) together with 
tensor gauge fields whose ranks would be up to five, such as Ap(x), Ap\ 1 (x), ■ ■ -, and 
Ap\ i„ ,a 4 (x). Using these fields one can construct the following Lorentz invariant forms [51]: 

G 3 Tr 1 fw.pcjG puprj T cl 2 G pu ppG p Urya T 03 G p^pG p U ^ aa T 0 4 G p4 y G p//p p a a . (3.5) 

Calculating the variation under the gauge transformations ( EO ) and (Em one can get 
the following result: 


6C* = 


-igTi ^2ai ^[G 

fit/ i £,pa ]+ 2 [Gp^p, i a ] s jGp U ^p (T 
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+ 2 a 2 ( [ Gnv, £ pp ] + 2 [G^p, £ p ]) 


+03 [ \G pvi ^p\Gp Uy 


paa 


~^~^\Gpvi £>p<J<r ] “1“ 2 \Gpv,pcn £cr] “1“ \G ^pl'j G pis,p^ 

-)-fl 4 ^4[G^ l/? p, ^pcrcr] 4“ 2[Gp^ ? pp, £<jcr] 4“ ^[(jrp^pcr, £pcr ] +4[G pis,ppa i j 

Z^Tr |2(2ai ^3)[^/iZ+,p5 ^,a\G pi/^p a T (4d2 ^3)[^-*/xk',p5 £p]^*/zi/,(7(7 

+(03 — 404 ) [G 

pis t QG 

pis,paa + 2 (ai — 2 a 4 )[G M „, ^p CT ](j pis,pa 
+ 2 (02 — ^[Gpj,, ^pp]G 

pis,aa + (o 3 4a 4 )[Gp V , ^pcrcr] Gpj, p ^ 

and determine the numerical coefficients consistently as 

1 1 

&2 — 2 °i) a 3 — 2 o 4 , a 4 — —a 4 . 

Thus one can get the following gauge invariant form with the arbitrary coefficient a 4 [51], 


G3 0 4 Ti I GG p/y.prj + 2 Giiv.ppGpy rrrj + 1Gpv.pG p/pparx 


+ t;G uu G 


/iu V - J pu,ppaa 


(3.6) 


There are additional seven Lorentz invariant quadratic terms [52,53], 
^3 Tr (biGnp^o- T b^G p VV pG p i p G( j T b$Gp,v,vpG p<j, 


+ b^G pjy^pG pp^ a( j T b^G pjypG pfjjypQ- T b$G yv^G pp'potj 

+b 7 Gp iU Gp i p^ p(T(7 


(3.7) 


Calculating the variation of this form under the gauge transformations ( 12 .hall and (12.5bj) . 
one can get the following result, 

SC' = 


3 — —i^Tr jTi^JGpj,, Cpa] + [Gp^p, £ CT ] + [Gp^cr, Cpl^Gpp^a 

+b 2 ((\G pu: Cl 'p ] + [G pis,is i ^>p } + [G pis,pi «j)c w ,f7 (7 

+ ([Gpp, Caa\ + 2 [Gpp ;0 ., C (T ]^G'p t/ ^p^ 

+263 ^[Gpy, ^j/p] + [G 

pis,is 1 £p] + [G w CSjGfur ,pa 

+bJ[G pisi C P ]G pp,isaa 
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“I” ^ [G Pip 1 £ isaa ]+ 2 [G 

pp,a) ^isa ] + 2 [G pp,isa i £<r] + [G pp,aai £z/]^^/xz/,p 


+ ^5 ^ [GflV J £p] Gfjuj^ 


perils per 


' i^\G per) £vpa\ + \G pa,isi £pa\ + [G pa,a i Cup] 

+[G pa,ispi £a ] + [G pa, is a i £p] + [G pa,pa i U)a^, 


+^e ( [Gp U , £u]G 


pp,paa 


£paa\ + 2 [G pp,a ? £pa\ +2 [G pp,pa j £a ] + [G pp,aa ? 


+br[ [G 

pp,isi £paa\ + [G pp,pi £ isaa } + 2 {G pp,a j £upa\ 

+[G 

pp,ispi £,aa ] + 2 [G 

pp,isa i £pa\ + 2 [G pp,pai £isa ] + [G pp,aa i £vp\ 
+2 [G pp,ispai £4 + [G pp,paa i £z/] T \G pp,isaa i ^pl'jGp 


' pis 


^Tr | 2 ( 6 i 64) [(jr^^p, G pp,isa T ( 26 i ^5)[^/i^,cr? £p]^?/zp,z/cr 

+(b 2 — b$)[G pis, IS') QG pp,aa + ip 2 — 64) [G pis,pi £u]G pp,aa 
+ (2 b 2 — 65) [G pp,a 1 &]G pis,isp + 2(&3 — &6)[G /XZ/,l/J ^p]G 

pa,pa 

+(26 3 — 65) [G 

pis, pi £u]G pa, pa + (64 — 67) [G /XI/? ^p]G pp,isaa 

+(65 — 2^7) [G 

/xz/? e P ]G pa,is pa + (&6 — ^7) [G /xz/? e,]G pp,paa 
+ 2(6l ^ 7 )[^/xz/? £pcr] ^r/xp,z/cr T (62 ^?)[^/xz/? £z/p] Cr/xp,crcr 

H“(^2 ^ 7 )[^?/xp? £crcr] G^/xz^z/p T 2 (63 ^ 7 )[^-?/xz/? £z/p] ^-?/xo-,pcr 

+ (264 ^ 5 )[^pp,cr? £z/cr] Gpz/,p “1“ (65 26 g) [Gpcr,cr j £z/p] ^-?/zz/,p 

H “(^4 ^ 7 )[^/xp? ^z/crcr] ^-?/xz/,p T (65 267) [G^cr? £z/pcr] G^/xz/,p 

T(6g ^H^/xp? ^perer] G ^ . 

This determines the numerical coefficients as 

62 = 61 , 63 = 61 , 64 = 61 , 65 = 261 , 6 6 = 6i, 6 7 = 6 


1 ? 


and provides the second invariant form with the arbitrary coefficient 61 [52,53], 
^3 &iTr ^G pis,paGpp^ver T Gp^pGpp^v T G pv,vpG 


pa,pa 



+ Gm,. 0 G' i 


(iv,p'-* pp^uaa 


+G^ U G 

pLp,Vp<7<7 


2 G fj,i/^pGfj,a,upcr “I - G ul , M G 


pv^v^ pp,per<7 


(3,8) 


Both Lagrangians £ 2 + £ 2 and £3 + £3 for rank-2 and rank-3 fields coincide with the 
corresponding expressions in the general Lagrangian £ (EEl In the next section we shall 
present an analogous construction of the Lorentz and gauge invariant Lagrangian for the 
rank-4 gauge field. 


4 Fourth Rank Tensor Gauge Fields 

In order to describe rank-four quanta, we shall introduce tensor gauge field A tl x 1 x 2 x 3 ( x ) 
together with tensor gauge fields whose ranks would be up to seven, such as Ap(x), Ap\ 1 ( x ), 
• ■ -, and A^'-Xeix). Using these fields, we shall get the following form consisting of six 
quadratic terms: 

£4 Tr ^CLiG^i/pcrxG^ispcrX CL 2 Gpu,ppcrGpi/,crXX 4 “ ® 3 ^p 1 i',po'f-*/ii',p<TAA 

A04Gi, U ppGci^G^ V pG^ V p aa w -|- a (\Gp U Gpjy ppuuw (4.1) 


In order to fix the numerical coefficients, we shall calculate the variation of the Lagrangian 
under the gauge transformations (12. Sail and (12.51J and get the following result: 


5Ca = 


^Tr | 2 ai (\Gp V , £p<ta] + 3[G MI/)/9 , £ ct a] + 3 [Gp U)Pa , £a] 


G 


pv,p(j\ 


+2^2 ( \Gpiz-, £ppcr] ffi 2 [Gpv^p, ^p CT ] ffi \Gp U , a) ^pp] 

+[G pt/,pp; £<r] + 2 [G pV,pCT 1 £p] ) Gpi/^Wcr 


+a 3 

pi /) £p<r ] + 2 [G pi/, pi £<j] ^ G pv paW 


\G put £p<taa] ffi 2[G pt/,pj £o-aa] +2 [G pv,\) ^pcrA] 

\Gpv,\\ ? *Cpcr] “1“ 2 [G^v^pcrX , £a] + 2[Gp;, i pAA) ^cr] ]Gp U) 


',pa 


+ O4 ^ ^[Cr pi /1 £pp ] + 2 [G pi/,p 1 £p] ^ Gpv,crcr\\ 

+ (j^ pVl Ccto-aa] +4 [G pv,cr 5 £<tAa] 

+4 [Gpv^x, ^ o - a ] + ^[Gpv,ccrXi Cxl'jGpv, 
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+&5 \ [G put Cp]G p,v,poa\\ 

+ ([G>,, ^p<to-aa] + ^[Gp^pai £<taa] + 2[(j / iis^crcr i £ P Aa] 

iuy,a\-) ^pcrA] H“ 2 [G^^p^-^-, £aa] “I - 4[Gy- tz , 5 p <J A) <^cta] 
- l“4[Gp Z y ?crcr/ \ , £ p a] “ 1“ 4[G pzy?pcrcr A 7 £\] 4"" \G /M/^crcrW , y)o w 

-(“(Xg ^6[G pi/?p , ^pctctaa] “I - 3[Gp, zy?P p, ^ctctAa] “I - 12 [G^^p^-, ^po-aa] 

+12[G 

pis,ppa 5 £o-aa] ”1“ SfGp.^po-^, ^pcta] + 3[G pis,ppcrcr i £aa] 
_ j - 12[Gp iZ y ? pp (J A? ^a] 4~ 6[Gp^pp acr A5 &j)c pis ^ 


zpTr |2(3ai ^3)[G^i/,p<7) ^aJG^^po-a H - 2 (o 2 20.4)[Gp^pp, ^o-jGp^AAcr 

+2(2a 2 ^3) [Gp^pcr, ^pjG^^AAcr “I - 2(0-3 204) [G^i/ } p ? ^crlGp^p^-AA 

+(2a 4 ^ 5 )[Gp^p ? £p] Gpv,G< 7 aa 4~ (^5 6 o 0 )[Gp Z/ , £ p ] Gp^pu<j\\ 

+2(3ai 205)[Gp^p, ^a]G p^pcrA 4“ 4(o 2 ^sHGp^p, ^pcrjGp^AAcr 

+2(a 2 ^5)[Gp^or ? £pp]G ^^aact H - (03 12o0)[Gp Z/ , ^pcrJGp^po-AA 

4“ (^3 4(2-4) [G^^AAj £p<r] ^pis,pa 4“ (^4 30g)[Gpi/ ? £pp] G p V( 7 ( j\\ 

+2(oi — 4a 6 )[G put Cp<r\\Gpi/ t pcr\ T 2(ci2 6flg)[(jp 1 /, £ppo-]G^u/,AAo- 

”t _ 2(03 205) <^pAA] G^ V p a T 2(fl3 2Q.5 ) ^, ^po-a] G^p pu 

+2(2a 4 ®s) [l-pt^cM ^<tAa]^^,pp 3“ (®3 12og)[Gp;,, ^po-aa]^^,pct 
-(-(04 3dg)[(jp 1 /, £(T(7 Aa] Crpt'jpp -I - (0,5 6ag)[G MZ/ , -^p(T(taa] Gp^p ^. 

Then we can determine the coefficients consistently as 

3 3 3 1 

«2 = ~ a i, 0,3 = 3ai, a 4 = -a 4 , a 5 = —a 4 , ag = —a 4 , 

and come to the following gauge invariant Lagrangian [51]: 


£4 (2-1 Tr ( G pv,p<j\Gpi/^paX 4“ pis,ppaGpis,cr\\ 4“ SGp^paG^paXX 


7 G pis,pp G pi/^acr\\ 


3 1 

~^G i^jypG i^jypo-fjW “I - ~Gp, Z yGp t / 5 pp (J( jAA 


(4.2) 


Now let us proceed in order to define the second invariant Lagrangian CJ A . There are 
fourteen Lorentz invariant quadratic terms, 

-d j Tf (& 4 G pu,pa\Gpp,vcr\ + b 2 Gjxu^pcycjG^p j/W T ^^G^npuiyG^X dqX T b^Gpi/,i>prjGp\,pa\ 
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+hGf 1 ^ pp Gf 1 ^( T xx + b^Gi^jy po-Gi^pjyuw -\- byG p il ,p Cr G p j \ l/ p a \ b$G/xv,ppGpo-,va\x 

+bgG n^vpG np^WtTo- + bigG pv,vp GpX,pXaa + bilG pv,pG/Ap,vXXcrcr “t - b\2Gpi/^pGp i \ l/ p\ (T( j 

~^~b\2tG/iv,vGpp^paaXX ^14 G pi>Gpp^vpaaXX (4.3) 


After calculation for the variation of the Lagrangian under the gauge transformations (12. Sal) 
and f|2.5b|l . we arrive at the following result, 


SG' 4 — —igTi |26i^[G m;/ , C, P a\} + [G, lV y , £ ct a] + 2 [Gp^ a , £ p a] 


+2 [G 

/AV,p(T 5 6] A \G £ p\ J G pp,i/(j\ 

+ 2 bo{[G pV) ipaa] A [Gpv^pi £, 70 -] 2[(j p jy ]0 -) £pcr] 

+2 [G 

/lV,p<J 5 6r] + [G pV,CT(T 5 £p] ) Gpp,v AA 


+& 3 (([G /av •> ^ per(7 } + [Gp, u ,p, £ 0 - 0 -] + 2 [Gp Ut(7 , £ po -] 

+2 [G /AV,p<7 5 £ 0 -] + [G /IV, (7(7 1 £p]^ GpX.yp\ 

+ ^[G m a> £^pa] + [Gp\y, £ p a] + [Gp,x,pi U\ + [G m a,A) £i 


+[Gpx,u P , £a] + [Gpx,u\, £p] + [GpA.pA, £v] )G 

+264 ([G 

/AVI £yp CT ] + [G /AV,V) £p CT ] + 2 [G pv,pi £ i^cr] 

+2 [G /AV,Vpi £<t] + [G /AV,p (7 5 £z,]^ GpX,pcr\ 

+265 ( [Gpu-, £v PP \ + [Gpvy, £ pp ] + 2 [G pu,pi £1/p] 

+2[G 

/AV^pi £p] + [G pv,pp) £ 1/] ) G p i(7 ( j\\ 


' /AV,p<7<7 


+6 6 ^[G 

> £p<r ] + [G pv,pi £«r] + [G pv,(j 1 £p] ^ G pp Va xx 

A^[Gpp, £j/ctaa] A [Gpp ; jy, £oaa] A [Gpp !0 -, £j/aa] 

+2[G /Ap,\l £z/<tA] H“ 2[G^p j(7< \, £z/a] “1“ [Gpp ?/ \A} £,vcr\ 

H - 2 [G^PjI/^-a j £a] ^ [Gpp^AA? £cr] “1“ [Gpp^AA, 6/J^G^p^ 

+67 ^(jG pyj £p<x ] + 2[G /Av,pi £cr]^G pX,vpaX 

“^^[GpA? ^p<ja] “1“ [GpA,z/? ^pcta] “1“ 2[G^A,pj ^Acr] “1“ [G^a,A? ^per] 
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4“ 2 [G pX,isp) <^cta] “1“ [GpA,z/A) £pcr] 4“ 2[GpA,pAj ^iser\ 

4“ [Gi^x^pcf ^ 6] 4~ 2 \Gnx^vpXi ^cr] 4~ [Gp,A,pcrA? 


pis,per 


+b$ ^[G^, £p P \ + 2[G fj,u,pi £p]^ G im,v<r\\ 


+ [[G 

per 1 ) ^i/o-Aa] + [G pa, IS) £o-aa] + [G per,a ) £i/Aa] H“ 2 \G ptj,Xi <Czata] 

+[G per,IS<7 ) £aa] “I - 2[G^f kj,i/X’> ^a] 2[G^(j,crA5 ^,isx\ 

4~2 \G* per, is aX ) £\] 4“ [^-?^ct,z/AA j £cr] 4“ [^-?^,cr,crAA 5 £z/] ^ 

+69 ^ ^ [G' 

p^ ) ^p ] + [G pis,IS) £p] + [G [J.l'ypl G pp\\ aa 

+ ^[^pp, £aa erer ] + 4:[Gp Pj X, £w] + 2[Gp Pi \A ) ^CTCr] 


+4[G M p,a<t) £a<t] + 4[G MPi aact; £<t]^G^ 


pis,isp 


+bio ^[G* p,V ) £^p ] + [G /£Z/,Z/ 5 CJ + [G* pipp> Gp\ t p\ 0 


> £pA CFCT ] + [G>A ,pi 6 erer ] “I - \G p A,A 5 £pcrcr] 
4 - 2[GpA,c7} £pAcr] 4“ 2[GpA,pcr? ^Acr] “I” [^p.A,crcr7 ^>px\ 

4“2 [(jTpA,pAcr 7 £cr] 4“ [GpA,pcrcr) £\] “1“ [GpA,AcrcF) £p] ^ G 


pis,isp 


+bn [G pis 5 £p] ^-?pp,z/AAcrcr 


4“^[Gp,p, £z/AAcrcr] “1“ 4[G^p 5/ \, ^z/Acrcr] “I - 4[(?pp 5Zy/ \, ^Acrcr] 4" 2[£rpp ? AA) ^ 

H - 4[Gpp J Ac7? £za\ct] 4“ 2[Gpp ?z/ AA, ^crcr] 4“ 4[Gpp ?z/ Acr5 ^Aer] 

+4[Gpp ? AAcr, £\isa\ 4“ 4[Gpp ? z/AAcr ) £cr] 4“ [Gpp^AAcrer? 


'W 


+612 [G p^) £p] G^pA,i/pAo 


) CupXaa ] + [Gp A ,Z /5 £pA erer] 4 “ [GpA,A? ^perer] 4 “ [GpA,z/p> ^Acrcr] 
4 "[(?pA,z/A 5 £pcrcr] 4 “ 2 [GpA,z/cr 5 £pAcr] 4 “ \G pX,pX) £z/<rcr] 4 “ 2 [(jTpA,per} £z^Acr] 

4 " 2 [GpA,Aa 5 £,vpcr\ "f" \Gp A ,crcr 5 ■C^Pa] + [G^A,vpA; £, erer ] + 2 [Gp\ ,IS per) ^Aa] 

4 _ 2 [GpA,z/A(j 5 £pcr] 4 “ [GpA,z/crcr 5 ^a] 4 “ 2 [(jTpA,pAcr 5 ^iscr] 4 “ [GpA,perer> £i/a] 

4 -[G>A,Acrcn £>isp\ 4 “ 2 [GpA,zypAa 5 ^er] 4 “ \G pX,is pa a ) £\] 4 “ \G pX,is Xercr) £p] 
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+ [G^A,Acr(Tp, £z/ 



+6is([G /XI/5 ^1/] G^/Xp,pcrcrAA 

4-^[G>p, ^p(7(jAa] "I - 4[G 

MPjO’’ £po-aa] + 4[G lip,pa: £o-aa] + 2[G /Xp,(7(7 5 £ p aa] 

+4[Gpp,o-A, ^pcta] + 2 [(j pp,pcrcr 7 £aa] “I - 4[G^p ? p (T A5 ^a] 

+4[G f pp,o-o-A 5 ^pa] 4“ 4[(?^ i p 5 p (T(7 A 5 6 J 4” [G^pp,crcrAA ? £p] ^ ^/xi/,z/ 


4“ ^14 ^[^-*pp,z/7 ^pcrcrAA] 4“ [^-*pp,p7 ^i/ctctAa] 4“ 4[G^ X p }(T) ^z/p<jAa] 4“ [^pp,z/p7 ^ctctAa] 
+4[G>p,i/<7? ^pctAa] 4~ 4[G jU p ? p (J , ^i/ctAa] 4” 2 [G PP5<j<j , ^i/pAa] 

4-4[G M p 5Cr A, ^i/po-a] 4-4[G pp,I/p<J 5 <vtAa] + 2[G pp,1/(7(7 5 £ p aa] 

+4[G M p,i/ CT A) £p°-a] + 2[G PP,PCT(7 7 £i/Aa] 4“ 4[G )U p ? p Cr A7 £i/cta] 

+4 pp,(jcrA 7 £^pa] + 2[G PP,I/pCT(7 7 £aa] 4~ 4[G mp ^ P(7 a, ^a] 

4-4[G mp?z/(J(7 a, £ p a] 4~ 4 [Gpp^pcrcrA 7 ^i/a] 4~ \Gpp^ jctAA 7 £z/p] 


+4 [G ppp/paaX 7 &J 4~ [^pp,z/(j(jAA 7 Cp] 4~ [^pp,p(j(jAA 7 £ 1 /] )G>, 


u/Tr | 2(26i - 

bfi) \Gfiu,pa • 

£a] (-?pp,z/(7A 

+ (26i - 

^ 7 ) [^pz/,crA7 

£p] G>p,^cxA 

V 

+ (4&2 

b('t ) [^//.z/.prx ■ 

^-?pp,z/AA 

+ (262 

&s) [^pi/,(7cr : 

1 £p]^pp,^AA 

+ 2(63 

^7 ) [^"pz^pcr : 

^-?pA,i/pA 

+ (^3 " 

- 26 8 )[G m ^ (7(7 . 

1 Cp]^pA,vpA 

+(63 _ 

b&)\G pA,i/pj 

£ a] ^pz/,pcr(7 4" (^3 

4&9)[^pA,i/A7 

£p] Gfj, UjprTrT 

+(b 3 - 

- 6 lo)[G>A,pA, 

£z/] ^?pz/,pcr(7 

+ 2(26, 

1 ^ 10 ) [^pi/,Z/p7 £cx] GpX^pefX 

+ (264 

^ 7 ) [^p^,p<r; 

£z/] G7xA,pcrA 

+ (46 5 

^ 10 ) [^?pz/,i/p 

•7 £p] Gp(j^(j AA 

+ (265 

fes) [G^p^,pp) 

£z/] G ii<t,<t\\ 

+ (& 6 - 

- 46n)[G M ^p, 

^cr] ^-?pp, i/cr A A 

+(b 6 - 

- 6 l 2 )[G>, i(T , 

£p] G [ip, vctW 

+ 2(67 

^12) [G^pi/,p7 

^cr] G^pAji/pcrA 

+ ( 2&8 

^ 12 ) [G^p^,p; 

£,p\G perils a \\ + (69 

^13 ) [^pi/,Z/ 7 

£p] Gpp^Xaa 

+ (bg - 

611 ) [(jpi/,p 5 

^Z/]G^PP,AA(7(7 

+ (felO ' 

— 46l3) [G p V , V 

b 

b 

< 

b. 

«< 

3. 

-Uy 

+ (^10 


£z/] G pX^pX(j C 

r + (fell 

^ 14 ) \G pis , 

£p] ^pp,I/AA(7(7 

+ (bl2 

— 4644 ) [G^ u , 

£p]GpA,z/pA(7(7 4“ (^13 ^14)[Gpi/7 

£z/] pp,p( 7 crAA 


+2(&! — 2& 11 )[G'pi/,p, ^<ta] G p p Va \ + 2(2^! — fc»l2) [G* pi/,(7 7 £pa] ^pp.I/crA 

4 - 2 ( 6 2 

^ll)[^pz/,p7 £(7(7 ] ^?pp,z/AA 4“ (4^2 ^12) [^pi/,£7 7 ‘Cpcr] G^pp,I/AA 
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+{h ^ 12 ) [G pv^p-, ^ao\G pX^pX 4“ 2(63 b 12 ) \Gp l/ ^ (J) £>pcr\G pX,vpX 

4 “ (^3 46 n) \Gp,X,V 7 ^>px\Gpis,paa 4 “ (^3 ^ 12 )\G pX,pi ^,ux\^pu,paa 

+(63 — 4613 ) [GpX, A, £isp\G pis,paa ~\~ 2(64 26 x 3 ) \Gpi/^i/>) £pcr] G^pA,pcrA 

+ 2(264 — 612 )[^pz/,p7 £>iso\Gpx,paX 4~ 2(65 b 13) \G-) *^pp] GjKj fjxx 

+(465 b\ 2 )\G fiiy^pi ^Z/p] G fuj^vW + (^6 46x4) [Gfxiy^ ^p<j\G fip^i/(j\\ 

+2(&0 67) [G^pp,crA, £,vx\G pjy^pcr + (&6 2 b%)\G pp^XXi $li/(j\G pi/^pcj 

4“ (67 46x4:) £pcr] GpX,vpaX + (67 469) [G^A,z/A 5 £pa] G^/iz^pcr 

+2(67 — 610) [Gp\,p\, tiv(j\G pis,per + (6g 2614) [G^*,, ^pp] Gpcj^fjxx 

4“(^8 269) [G^cr,z/cr 5 ^AA]G^pz/,pp 4“ (26g 6x0) [Gpcr,crA 5 ^z/A]G^^,pp 

4-(6g 6 x 4 )[G^z/j ^z/p] G^pp,AAcrcr 4“ (6lO 46x4) \Gpi/' ) £ V p\ GpX^pXao- 

+2(&x — 2614) [G 

PIS') £pcrA] G pp^(j\ + 2(62 bi4^)[G p /I y, <^pcrcr] G pp^jsXX 

+(63 — 4614) [Gp V) <^p(jcr] Gpx,is P x 4 - (63 — 4614) [Gp\, £,ispx\G pis,pcr <7 

+2(64 26x4) \Gpjy-, ^p<r] Gp\p(j\ + 2(65 614) £,i/pp\Gp a(T \\ 

+(6 6 - 46 n )[G 

pp, Xi £o-Aa]G < pis,pa + (b 6 — 612 )[G pp,ai Ux]G pis, pa 

+2(&6 ^12)[^pp,A> ^,isax\Gpjy^po- + (67 46xi) \GpX,^') £,pax\Gpjy^po- 

+ 2(67 6i2)[CrpA,p5 <^Acr] Gp V p G + (67 46x3) \G pX,X i £>ispo\Gpis^pcr 

4 “( 6 g 26 xi)[G M( j 5 zy, £,aXx\Gpi/^pp + (6g 26x3) [Gpa,a 1 £,isXx\Gpv^pp 

+ (2&8 6x2) [G per^ A •> ^isaX ] G pi/^pp + (469 b\2)\G pp^Xi £,Xao\G pi/^i/p 

+ (610 6i2)[£rpA,p5 ^Xaa\Gpu,isp + (610 46 x 3 ) [GpX,X-) ^,paa\Gpi/^p 

+ 2 ( 6 x 0 6 x 2 ) \G p\^(j , ^pAa] G pi/^p + (65 46i4) [Gppj £,isaXx\G pjy^per 

4 “(67 4614) [G M A5 £,ispax\Gpis^p a + (6g 26 x 4 )[G /ia , £,vaXx\Gpjy^pp 

+(69 — 614 )[G ppi ^AA aa ]G pis,is p + {bio ~ 46 m) [G>a, ^pAo-o-jG' pis,isp 
+( 46 n - 612 )[G jtxp,A> ^AacrjG^p + (612 — 46 i 3 )[G M A,A 5 ^po-o-jG^p 

+ (6ll ^ 14 )[^*/zpj £z/AA<tct] Gp U p + (6x2 46 x 4 ) [Cr^A? ^z/pA(j(j] Gp V p 

4“(^13 ^ 14 )[^pp> ‘CpcrzjAA] G pjy jy \ . 
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Then we can determine the numerical coefficients consistently as 


£>2 = 

\ b - 

63 = 2&i, 

64 = 61 , 

h = \b u 

&6 — 261 , 

67 — 26i, 

b 9 = 

L, 

610 = 2 b\, 

bn = \bn 

b \2 = 2 &i, 

bu = \bu 

£>14 = ^£>1 


and come to the following second invariant Lagrangian 

1 


^4 &iTr (g ^ p(T \GfjLp^x + ^ Gpjy po-Q^Gppjyw T 2G pv^paaGpx,ispx Gpv^vpaGpx,pax 


j G pv^vpp G pa,a XX 


o n n 

uu. na '~ 7 


piS,pa^ pp,lSaXX 


+ 2 G,, u n a G 


pis,pa ^ pX,ispaX 


"1“ Guu.ooG 


jiv.pp '-- 7 jia.vrjW 


T 2 Giiv,vpG 4” 2 G^ vl/ pG^ L \p\ aa 4 ^G p U pG pp^wuu T 2 G p V pG p\ V p\ a 


T g Gpi/ i/Gpp pfjfjw T 2 Gpi/Gpp V p aa \\^. 


(4.4) 


As we demonstrated so far, these Lagrangians contain no subinvariance, since the equation 
for coefficients a and b has a unique solution presented above. Thus these construction 
completely fixes all coefficients in front of all Lorentz structures participated in £4 and £4 
and also proves that only two invariants £4 and £4 are available. It seems that the above 
construction of all possible Lorentz invariant structures is difficult to extend to higher rank 
tensor fields. 


5 Higher Rank Tensor Gauge Fields 

The progress in the construction of gauge and Lorentz invariant forms for higher rank 
tensor gauge holds have been achieved in the approach proposed in [52,53], where instead 
of constructing all possible Lorentz structures as in [51] it was suggested first to build a 
general gauge invariant tensor density and then by contraction to build Lorentz invariants. 
In this way two invariant forms £ s+ i and £ / s+1 have been constructed in [52,53]. Therefore 
it is plausible that for higher rank tensor gauge fields there exist only two independent 
gauge invariant forms £ s+ i and £' +1 . 

In the present section we shall estimate the number of independent Lorentz invariant 
structures appearing in £ s+ i and £' +1 and shall present a compact form of its coefficients. 
It will be demonstrated that the total number of the Lorentz independent structures in the 
general Lagrangian for the rank-s tensors grows as s 2 . 
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The gauge invariant tensor density constructed in [52,53] by expansion over the vector 
variable e^ [54] is: 


(£,+.) 


' s-1 




= Tr £ E 


Atm Ar>o '' ‘ Ar> • 




V V V 


. n ^ ^ ^ p i P2 '' ^2,Ai-A P1 -A P2 -A p ,-A 2 

1=0 Pl<P2<"-<Pi 

+x G /J , Vl! \ pi \ P2 ...\ r _G 

^ P1<P2<---<Ps 

+ (Ul <r->V 2 )). 


■PI ~P2-''Ps ' ^ 2 ,Ai-A P1 -a P2 -a Ps -A 2s 


(5.1) 


It should be noted that these tensors are totally symmetric within the indices (zq. z^) and 
(Ai, A 2 , • ■ •, A 2 S ), whereas these have no symmetric structures between the indices zy and Aj. 
Contraction of indices by metric tensors allows to construct two Lorentz invariant forms 
£ s+1 and C s+1 [52,53] 


Cs+1 2 «( £s+ 1 ), 1 . 2 ,a 1 -a 2s ( 


^A'11 / 2^AiA 2 )V\3^4 ’ ’ ’ ^7A 2s _i A 2s ; 


oa-l (' Cs+ 1 )v li / 2 ,A 1 ■■■xS r,UlXirlu2X2 ) 


Vvi\lVv2\2 )V^3^4 ' ‘ ‘ ^?A 2s _iA 2s 


(5.2a) 

(5.2b) 


Let us perform an explicit contraction of the indices in the equations (I5.2a|) and (l5~2bl) . 
First let us consider the Lagrangian C s+ \. After contraction by r ] Vl „ 2 in fl5.2all . it might 
be convenient to classify independent terms by the number of contractions within the first 
field strength tensor G llUtaiaia2a2 ... ajaj p 1 p 2 ...p k (x) (j-contractions, fc-going out). Through 
this procedure we can determine the combinatorial numbers as the coefficients*, 

's-1 [ 5 ] 


£s +1 = ^zjTr J2J2 a ( s G:j) 


. i=0 j =0 

E G fl „' ai0iia20l2 ... 0lj0lj i3 1 i3 2 ...p i _ 2j G llUtlllll2 ^ 2 ... la _ i+jls _ i+j i 3ll32 ...i 3 ._ 2j 


L 2 J 


j=o 


xG, 


pv,aiaia2a.2--oijajl3i[32---Ps-2jGp,v,-y 1 'y 1 'Y2'y2--'yj'yjPll32---l3s-2j I ) 


(5.3) 


where the numerical coefficients a(^s,i,j^J are given byf 


j) 


= 2 i_2i 



(5.4) 


V-? 


*We denote the symbol [m] as Gauss symbol. 
tWe use a convention of the binomial coefficients 


m 

n 


as 


= 0 for m < n or n < 0. 
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From this formula Q, we can also compute the total number of the independent quadratic 
terms in the Lagrangian C s+ \ as* 


s-l 


total number = ^ 


i=0 


r z i 


+ 1 + 



■s- 

- 2 - 


+ 1 


(s: even), 
(s: odd). 


(5.5) 


Next, we turn to consider the Lagrangian C' s+1 . After the summation of 
(l5~2bli . we can classify the terms into four groups, such as 


m 


Tr ( Gp U ...Gpp U p. 


■). 


Tr ( G i_iv 


Tr [G f j i ^ p ...G lip 


+ •) > 


Tr [G pi/t1/p ...G PPi 


,.)• (5.6) 


Then we proceed to contract between the remaining indices in all above terms. In this 
manipulation also it might be convenient to classify the independent terms by the number 
of contractions within the first held strength G tll , !aiaia2a2 ... ajaj / 3 1 / 3 2 ...^ k (x) (j -contractions, 
/c-going out) in each term. It should be noted that the first and the last ones in the 
classification could be the same if the first and the second held strengths in all traces 
would have the same number of indices, i.e. the case for rank-(s + 2) held strength tensors. 
Taking this fact into account, we obtain the following form with the combinatorial numbers 
as the coefficients, 

^ / s — 1 [ 3 ] 

4+1 = ^Tr EE fl ( s_1 ’ h.7') 

z \i= 0 j =0 

s -ii¥i 

+ E £ a(s-l,i-l,j) 

i=i j= 0 

*-G l j, U!l , aiaia2a2 ... aj0lj i3 1 p 2 ... /3i_2 3 -i^/ip,P7i7i7272'-'7s—t+j7s—i+l/Sife— ft—2j —1 

s-lbf 1 ] 

+ E £ a(s-l,i-l,j) 

i= 1 j= 0 

^ G fj,v j p ( x 1 a 1 a 2 a 2 --ajajl3ip 2 --Pi_ 2 j_ 1 ^MPi i/ 7i7l7272'--7s—i+j7s-i+j/fli/S2”-/3i-2j-i 

s-l l—J 

+ E £ a(s- l,z- 2 ,j) 

j=2 j=0 

X-Gp llljU p aiaia2a2 ... aja:j p 1 i3 2 ...p i _ 2:j _ 2 Gpp j 'y 1 'y 1 ^ 2 -y 2 ...-y a _ i+:j+1 ^ s _ i+:j+1 p 1 [) 2 ...fl i _ 2j _ 2 

■^These results can be applied for the case s = 0 as well. 
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+ E a ( s “ M,j) 

3= 1 

x Gpv, 01010 : 20:2 ■■■ajajfh/32---/3 s -2jG [ip,i/p'yi'yi~/272---'yj-ilj-il3i/32---l3 s -2j 
1 [^1 

+ 9 E — 1, s — l,i) 

z j =0 

XG lll/jUQlQia20l2 ... 0lj0lj l3 1 /3 2 ...l3 s _ 2j _ 1 G [ l p t p~ /1 ~ /1 'y 2 j 2 ...~ tj r rj p 1 l3 2 ...l3 g _ 2:j _ 1 
1 [^] 

+9 E a ( s - m - 1 g ) 

Z j=0 

^G p iU) p ai0ll0l2a2 ... ajaj p 1 p 2 ...p s _ 2 ._ 1 G pp^ 111 ~ 12l2 ... ljl:j i3 1 p 2 ...p 8 _ 2j _ 1 


(5.7) 


From this formula m, we can see the total number of the independent quadratic terms 
in the Lagrangian C s+l as§ 


s—1 


total number = E([fI +1 ) + E 

i=0 ' 2 ' i =1 


s -1 


i — 1 


S — 1 


+ 1 +E 


i=l 


r* - li 


s-l 


+ 1 +E [ 


i=2 


-i — 2-1 


+ 1 


rs 

2 J 


rS — 1 


+ 1 + 


rS — In 


+ 1 


S + 2 S 


(s: even), 

(s: odd). 

In both Lagrangians £ s+ i and £' s+1 the total number of terms grows as s 2 . 


(5.8) 


s" + -s + - 
2 2 


6 Appendix 

Let us get convinced that for s = 1,2 and 3 the invariant tensor density (EU> and the 
formulas (15.31) and m reproduce the lower rank Lagrangians: 

• s = 1 ( for second rank tensor gauge hied ) 
invariant tensor: 

(E)^ 1/2 AiA 2 = ( < ^Ei < ^V^2,AiA 2 + Gp U1} \ 1 Gp U 2i a 2 + (yi u 2 )\ (6.1) 

Lagrangians: 

G 2 ,, \ \ r Lm 2 r /A,A 2 

§ These results can be applied for the cases s = 0, 1 and 2 as well. 
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(6.2a) 


Tr ( G^G^pp + Gpjy pGp U p j , 


4 = (c 2 ) 


^ 1^2 j^l ^2 




2Tr ( Gp V Gpp, V p ^GpjyjyGppp H~ ^Gp^^Gpp^, 


s = 2 ( for third rank tensor gauge filed 
invariant tensor: 


(a) 


i/i^2,Ai Ai A3A4 


= Tr ( G„. v , G 


pui ^pU2 , Ai A2 A3 A4 



G~ pi/2 , A2 A3 A4 

+ 

G pi/ ^ 5 A2 Gf pis2 ,Ai A3 A4 

T^/il/ijAg 

i Gr pi/2 , A1A2 A4 

+ 

G pis 1 , A4 G pis 2 , A1A2 A3 

+ G Mzyi5 AiA2 Gr pi/2 ,A3 A4 

+ 

G pisi , Ai A3 G pi/2 , A2 A4 

+ G pi/1 , Ai A4 /iZ^2, A2 A3 



+ (^1 ^ 

^2)). 




Lagrangians: 


£ 3 = hA) 


4 

1 . 


IS 1 ^2?Ai A2 A3A4 


VlSl1S2V\l\2V\3^4 


2^r yGpi/Gp il/ pp (T(J 

+4G>„ ,pG pi/^crcrp 


-\-‘2Gp iU ,pcrG pis,per + G m/'PpG 


p,is,pp K - J pis,aa J 5 


4 = ? (£ 3 ) 


Z'l ^2,Ai A2 A3A4 


XiVlS2^2 V^3^4 


Tr yGpjyGpp^jypcrcr 

+2 ,<yGp,p,vpcr 


+ G uum G 


pp,pcrcr 


+ G au _ 0 G 


pu,p'~ l jifj.uaa 


Gjiu fj/jGjjpjyp Gjju V(J Gjjp ptj “f" G fiv,pcjGnp'i,(j 


s = 3 ( for fourth rank tensor gauge hied 


(6.2b) 


(6.3) 


(6.4a) 


(6.4b) 
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invariant tensor: 


(*) 


v\ V2 ,Ai A2 A3 A4 A5 Ag 


= Tr G llv , G 


Lagrangians: 


Z'l ^2, Ai A2 A3 A4 A5 A 6 


/-IVI '~- T /i£ / 2 ,Ai A2 A3 A4 A5 Ag 
+GVi ,Ai G1W2 JA2A3A4A5 Ag 
“l - ^ills 1 , A3 fii/2 , Ai A2 A4 A5 Ag 

G 111s i , A5 G/iis2 , Ai A2 A3 A4 Ag 
+ G>1/1 ,AiA 2 fllS2 ,A3 A4 A5 A6 

H - Gjus 1, A1A4 GfiiS2 , A2 A3 A5 A6 
“l - Gjus 1 , Ai A6 filS2 , A2 A3 A4 A5 

G/iisi , A2 A4 G /iis2 , A1 A3 A5 A6 
G /its 1, A2 Ag ^fiiS2 , Ai A3 A4 A5 
+ G> z/1? a 3 A 5 fiis2 , Ai A2 A4 Ag 

fllSi, A4A5 G pi/2,X\ A2 A3A6 
Gfiisi , A5 A6 Gjii/2 , Ai A2 A3 A4 
GfllS 1 , A1A2 A3 Giiis 2 , A4 A5 A6 
G pv\ , A1A2 A5 G p V2 , A3 A4 A6 

“I - G p U1 , a 1 A 3 A 4 G p V2 , A 2 A 5 A 6 

fin 1 ,Ai A3 Ag fils 2 ■> A2 A4 A5 
fusi ,Ai A4A6 fiis 2 , A2 A3 A5 

+ (*'! ^ 2 ))- 


!^2 V\l ^2 VX3 A4 V\5 ^6 


A 

ni/Gni/^xxppaa 6 G pv^xGpv,pp<yax 


-\-\2jG nv : xpGpis^acrXp *$Gnv^xxGni/,pp(T<T 

~\~4^Gpis,xp<jG nis,Xpa “I - ^Gpiy xxpGpis^(j(jp \ •> 


Gpis 1^X2Gnis2,Xi A3A4A5A6 
“l - Gnui ,A 4 Gp,j/2,XiX2 A3A5Ag 
H - Gp,isi,XqG pv2,XiX2 A3A4A5 
H - Gpv\ ? Ai A3 /iz/2, A2 A4 A5 A6 
“t - Gpi/^^Xi A5 Gp,is2)X2 A3A4A6 
H - Gp,is\,X2 A3 Gp,is2,Xi A4A5A6 
“t - Gpis 1 ^2 A5 Gp,is2,Xi A3A4A6 
“1“ G/iZ/i,A 3 A 4 ^/iZ/ 2 ,AiA 2 A 5 A 6 
“ 1 “ Gpi/^x^Xq Gpi/ 2 ,Xi A2A4A5 
H - ^^1^4 A6 Gpi/2,X\ A2A3A5 

“ 1 “ ^/^l,AiA2A4^/iZ/2,A3A5A6 
“I - Gp U1 ^Xi A2A6 Gp U 2^3X4X5 
Gp^ ^1X3X5 Gp U2 ^2X4^6 

H - G pi/^^Xi A4A5 G pi/ 2 ,X 2 \ 3\6 

’l - Gp^^Xi A5A6 Gpi/ 2 ^2X3X4 


(6.5) 


(6.6a) 


« = iW 


4 

1 . 


l'lt' 2 ,AlA 2 A3A4A5A6 


VviXi ^ 7^2 A 2 ^7a3 A 4 'Hx^Xq 


2^1 ( G^ V G^p pp\\ arT p U \Gppvptjtjx + ^Gp U \ a Gpp U p\,j 4 ~ 2 G^ wGpp ^pufy 
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-^-(-jfu/^GuppWo-Q- + 4 G fj^jy^xG 

~\~Gfn/^pGpp^XXcrcr 4“ ^G^ pxGf^p j^Q-Q-x 

~\~G pjy^pG pp^XXacr 
4“4 G pi/^crcrX G pp^vpX 

4“2G pu,iyXaGpp^pXa 4“ Gpv,vXxGpp^pacr 
4“ 2G p^pXvGpp^Xa 4“ G p^v^pXxGpp^vaa 


(6.6b) 
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